ON THE GENERAL CLASSIFICATION OF LIE 
BIALGEBRA STRUCTURES OVER POLYNOMIALS 



lULIA POP AND JULIA YERMOLOVA-MAGNUSSON 

Abstract. The present paper is a continuation of 51, where Lie bialge- 
bra structures on q[u] were studied. These structures fall into different 
classes labelled by the vertices of the extended Dynkin diagram of g. 
In [5] the Lie bialgebras corresponding to — ftmax were classified. In the 
present article, we investigate the Lie bialgebras corresponding to an 
arbitrary simple root a. 



1. Introduction 

Let Q denote a finite dimensional simple complex Lie algebra. The aim of 
the present article is to further investigate Lie bialgebra structures on q[u] 
in the framework provided in [3i [5j . As it was shown in [3j , any Lie bialgebra 
structure 6 on q[u] can be extended to a Lie bialgebra structure 6 on 0[[ti]]. 
The classical double associated to any such structure is isomorphic to one 
of the following Lie algebras: 

Case I. q{{u)) together with the following nondegenerate bilinear form 

Qa{u){h{u)j2{u)) = Resu=o{a{u)K{fi{u),f2{u))), 

where K is the Killing form of the Lie algebra q{{u)) over C{{u)). Here 
a{u) = 1 + YlT=o '^kU^ is a Taylor series which satisfies certain properties 
which will be presented later. 

Case II. q{{u)) g, endowed with the following nondegenerate bilinear 
form: 

Qa{u) ifi (u) + xi , /2(n) + X2) = ReSu=o{u~'^a{u)K{fi (n) , /2 (u))) - K{xi , X2), 

for ah fi{u),f2{u) G d{{u)) and xi,X2 G 0. Again a{u) = 1 + Yl,'k'=Q^ku'' 
a certain Taylor series. 

Case III. q{{u)) © (g + eg), where = 0. Here we consider 

Qa{u){h{u) + X2 + ex^, f2{u) + y2 + ey3) = ReSu=o(u~^a{u)K(fi{u), f2{u))- 

-K{x3,y2) - K{x2,yz), 

forany /i(n),/2(u) G q{{u)) and X2, X3, y2, 2/3 ^ 0, and a(n) = l + I]fclo 
is a certain Taylor series. 
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The Lie bialgebra structure 6 (and implicitly 6) is uniquely defined by a 
bounded Lagrangian subalgebra W of g{{u)), g{{u)) (B or g{{u)) (B (fl + £0). 
Moreover, W should be transversal to [[«]]• 

The classification of bialgebra structures is reduced in this way to the 
classification of bounded Lagrangian subalgebras W with the above prop- 
erty. Moreover, any such W can be embedded into a special algebra, a 
so-called maximal order, indexed by vertices of the extended Dynkin dia- 
gram of 0. We recall its construction, according to [6j. Let be a Cartan 
subalgebra of with the corresponding set of roots R and a choice of sim- 
ple roots r. Denote by 0q, the root space corresponding to a root a. Let 
f)(M) = {/i G f) : a{h) € M,a € R}. Consider the valuation on C((n"^)) 
defined by v{Y^i^y^akU~'') = n. For any root a and any h G f)(IK), set 
M„(/i):={/ G C((u-i)) : v{f) > a{h)}. Consider 

O,, := t)[[u~^]] e {(BaeRMaih) (g) 0«). 

Let {h E : a{h) > 0, a G r,amax(^) < 1} be the standard sim- 

plex. Vertices of the above simplex correspond to vertices of the extended 
Dynkin diagram of 0, the correspondence being given by the following rule: 
o 

~ciniax) Q^i) where Q!j(/ij) — 5ij/kj, and kj are given by the re- 

lation ^hjUj = Omax- One writes Oq instead of Oh if a is the root which 
corresponds to the vertex h, and 0_a^^^ instead of Oq. 

According to [3], in case I, l/a{u) is a polynomial of degree at most 2, in 
case II, is at most 1 and in case III, its degree is 0. Moreover, by means of 
a change of variable in C{u\ and rescaling the nondegenerate bilinear form 
Qa{u)^ one may assume that a{u) has one of the following forms: 

(1) a{u) = 1/(1 — citi)(l — C2u), for non-zero constants ci / C2 

(2) aiu) = 1/(1 - uf 

(3) a(n) = l/l-u 

(4) a(n) = 1. 

In what follows we will treat separately case I (subcases 1-4), case II 
(subcases 3-4 are the only possible), case III (subcase 4 is the only possible). 

2. Lie bialgebra structures on 0[n] in case I 

Here we consider q{{u)) together with the form 

Qa{u){h{u)J2{u)) = Resu=o{a{u)K{fi{u),f2{u))), 

for any fi{u), f2{u) G 0((n)). In [3] the following result was proved: 

Proposition 2.1. [3j There exists a one-to-one correspondence between Lie 
bialgebra structures 5 on q[u] satisfying D^{g[[u\]) = q{{u)) and bounded La- 
grangian subalgebras W of q{{u)), with respect to the nondegenerate bilinear 
form Qa{u)j o,nd transversal to q[[u]]. 

In [5], we treated this infinite-dimensional problem by first showing that 
any such W can be embedded into a special algebra, a so-called maximal 
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order, indexed by vertices of the extended Dynkin diagram of q. This em- 
bedding allows us to replace our infinite-dimensional problem with a finite- 
dimensional one. 

Proposition 2.2. [5] Suppose that W is a bounded Lagrangian subalgebra 
of q{{u)), with respect to Qa{u) o,^^ transversal to 9[[u]]. Then there exists 
a G Autc[„](0[u]) such that a{u){W) C fl g[ti, u"^], where a is either a 
simple root or — Omax- 

In [5] the Lie bialgebras corresponding to — amax were classified. In the 
present article, we investigate the Lie bialgebras corresponding to an arbi- 
trary simple root a. 

Consider the Lie algebra © g, together with the nondegenerate bilinear 
form 

Q{{xi,yi), (X2,y2)) = K{xi,X2) - K{yi,y2), 
for any elements xi, yi, X2, y2 G 0- Let us fix an arbitrary simple root a. 
Denote by P~ the standard parabolic subalgebra of spanned by the root 
spaces of all negative roots and all positive roots which do not contain a. 
Let us denote by Aq, the set of pairs (x, y) G P~ x P~ which have the same 
reductive parts. Then the following result holds: 

Theorem 2.3. Let a be a simple root and k its coefficient in the decom- 
position of Omax- Let a{u) = 1/(1 — ciu)(l — C2u), for non-zero constants 

Cl / C2. 

(i) Ifk = l, there exists a one-to-one correspondence between Lagrangian 
subalgebras W of q{{u)), with respect to Qa{u)j which are transversal to g[[u]] 
and satisfy W C Oq, fl 0[?x, n""*^], and Lagrangian subalgebras in q(B Q, with 
respect to Q, transversal to Aq,. 

(ii) Ifk > 1 then there are no Lagrangian subalgebras W ofQ({u)), with re- 
spect to Qa{u)j which are transversal to 9[[u]] and satisfy W C OQ,n0[M, u""^]. 

Proof. Part (ii) was proved in [3j. We will prove (i). Assume that a has 
coefficient 1 in amax- Then the corresponding maximal order Oq, is given by 
the formula 

Oa = u-i0i[[n-i]] + 0o[[n-i]] + uQ^i[[u-\ 

where 0i is the sum of the root spaces of positive roots which contain a 
(with coefficient 1), 0_i is the sum of the root spaces of negative roots 
which contain a (with coefficient 1), and 0o consists of t) and the root spaces 
of all roots which do not contain a. 

Then Oq, n g[u,u~'^] = u-^qi[u-^] + 0o[n~^] -\- n0_i[u"i] and (Oq n 
0[n,n-i])-L = (n-i - ci){u~^ - C2)(n"i0i[u"i] + Qo[u~^] + uQ-i[u-^). 

Let us construct an isomorphism (j) between ((^Tig^i^M-i])-'- © 0- We 
consider cp : Oq fl q[u,u~^] — > © given by (p{u~^pi{u^^) + po{u^^) + 

Up-i{u~^)) = (ciPi(ci)-hpo(ci)+c5"V-l(ci),C2Pl(c2)+Po(c2)+C2 V-l(c2)), 

where pi € 0i[u^"'^], po € 0o[ii^^] and p-i € 0_i[u^"'^]. One can easily check 
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that the kernel of this map is exactly (Oq n 0[n, n^"*^]) . Moreover, cj) is 
surjective. Indeed, for any elements a, b of g, let us uniquely decompose 
a = ai + ao + a_i, b = bi + bo + 6_iwith ai, 61 G 0i, oq, bo G go, ^-1 £ 
g_i. Then one can find first degree polynomials pi G gi[u~^], po G goi^^ ""^l 
and p-i G g_i[M~-'^] such that cipi(ci) = ai, C2Pi{c2) = bi; po{ci) = ao, 
Po(c2) = ^0; q V-i(ci) = a_i, C2"^p_i(c2) = 6-1. 

Thus one obtains an isomorphism : ((^Tig^i^M-^])-'- — ^ © 0- This 
implies that we have a 1-1 correspondence between Lagrangian subalgebras 
W contained in Oq, fl g[ti, and Lagrangian subalgebras W = (j){W) in 
g © g. Moreover W is transversal to q[[u]] if and only if W is transversal to 
(/)(Oq, n g[n]). On the other hand, (/>(Oa n g[n]) consists of all pairs of the 
form (ao + c^^bo + bi,ao + C2^bo + 61), where cq G go, ^0, bi G g_i, which is 
precisely A^. We note that go is the reductive part of = go + 0-i- The 
proof is complete. 

□ 

Remark 2.4. The classification of all Lagrangian subalgebras 14^ of © 
transversal to was accomplished in [2], Theorem 11. This result states 
that, up to a conjugation which preserves Aq, a subalgebra W can be ob- 
tained from a pair formed by a triple (Ti, A) and a tensor r G f) (S" f) such 
that (Ti, ^) is of type I or II and r satisfies certain equations depending 
of the case. We recall that Ti, r2 are subsets of T and A is an isometry 
between them. A triple is of type I if a ^ r2 and (Ti,6{T2),0{A)) is ad- 
missible in the sense of Belavin-Drinfeld (see [Ij). A triple is of type II if 
a G r2, A(/3) = a and (Ti \ {/?}, ^(r2 \ {a}), ^(^)) is admissible in the sense 
of Belavin-Drinfeld. Here 9 denotes the Cartan involution of 0o. 

Remark 2.5. The classification of Lagrangian subalgebras W can also be 
given using triples of the form (ri,r2,^), where Ti C F*^^'* \ {a}, T2 ^ T 
and A : Fi — > F2 is an isometry. In this presentation, the case k = 1 can be 
considered a particular case of the classification result which will be given 
in Remark 12. 9i 

Consider the Lie algebra 0[e] with = 0, endowed with the following 
invariant form: 

Qe{xi + ex2,yi + ey2) = K{xi,y2) + K{x2,yi), 
for any elements xi, yi, X2, y2 of 0. 

Theorem 2.6. Let a be a simple root and k its coefficient in the decompo- 
sition of arasoi- Let a{u) = (j^jjp-. 

(i) Ifk = l, there exists a one-to-one correspondence between Lagrangian 
subalgebras W of q{{u)), with respect to Qa{u)j which are transversal to g[[u]] 
and satisfy W C Oq, R 0[u, u^^], and Lagrangian subalgebras in g[e], with 
respect to Qe, transversal to -\- e{P~)-^ . 

(ii) Ifk > 1 then there are no Lagrangian subalgebras W 0/0 ((«)), with re- 
spect to Qa{u)j which are transversal to g[[u]] and satisfy W C OQ,n0[M, u^"*^]. 
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Proof. We will only prove (i) (for (ii) see [3]). Because k = 1, one has the 
followmg: Oa H g[u, u""^] = n^-'-gi[n^-'-] + gol^i^"""] + ug-i[u^^] and {Oa n 
q[u,u-^])^ = (n-i - l)2(u-i3i[n-i] +0o[n-^] +'ug_i[n-i]). 

Let us construct an isomorphism cj) between (q'"qq^u-iy)± and g[e]. 

We consider 4> '■ OariQ[u,u~^] — > g[e] given by 4){u~^pi{u~^) + pq{u^^) + 
up-i{u~'^)) = {l+e)pi{l+e)+po{l+e)+{l-e)p-i{l+e), where pi G Bi[n"^], 
Po £ 00 i''^^^] and p_i € g_i[u^^]. One can check that the kernel of this map 
is the ideal generated by (n^^ — 1)^. The map (p is also surjective. Indeed, 
let us write a + eb = (ai +ao + a_i) + e(6i + 6o + ^-i)- One can uniquely find 
first degree polynomials pi, po and p-i such that (j){u^^pi{u^^) +po{u^^) + 
up-i{u~^)) = a + eb. Straightforward computations give: pi{u^^) = (2ai — 
bi) + u'^{bi-ai), po{u~^) = ao-bo + u~^bo, p-i{U~^) = + u"^(a_i + 
b-i). 

By means of the above isomorphism, we have a 1-1 correspondence be- 
tween Lagrangian subalgebras W of g((n)), with respect to Qa{u)-, which 
are transversal to q[[u\\ and satisfy W C fl g[n, n~^], and Lagrangian 
subalgebras in g[e], with respect to Qe, transversal to (/>(Oo fl g[n]). 

On the other hand, ^(OQng[n]) = </>(go+^i(g-i+^ ""^g-i) which consists of 
elements of the form oq + (1 — e)6-i + c_i, for all oq E go and c_i € g_i. 
Since, P~ = go + 0-i, it follows that </>(Oq, ng[n]) is precisely P~ + e{P~)^. 
This ends the proof. 

□ 

Remark 2.7. In [6] it was shown that Lagrangian subalgebras of g[e], with 
respect to Qe, and transversal to P^ + e{P^)^ are in a 1-1 correspondence 
with pairs (L, B), where L is a subalgebra of g satisfying L + P~ = g and 
is a 2-cocycle on L nondegenerate on L n P~ . 

Let us assume again that a is a simple root with coefficient k in Omax- 
Denote by the Lie subalgebra of g whose Dynkin diagram is obtained 
from the extended Dynkin diagram of g by erasing a. Then the restriction 
of the bilinear form Q on g © g is nondegenerate on x g. 

Consider the standard parabolic subalgebra of La corresponding to — amax, 
P+ . We note that P+ and P~ have equal reductive components. Let 
^a,amax be the set of pairs (x, y) € P^^^^ ^ Pa with equal reductive parts. 

Theorem 2.8. Let a be a simple root and k its coefficient in the decompo- 
sition o/amax- Let a{u) = j^. 

There exists a one-to-one correspondence between Lagrangian subalgebras 
W of q{{u)), with respect to Qa{u)j which are transversal to g[[u]] and satisfy 
W C Oa n g[ti,ti~^], and Lagrangian subalgebras in La © g, with respect to 
Q, transversal to Ac^^j^^^. 

Proof. For each r, —k < r < k, lei denote the set of all roots which 
contain a with coefficient r. Let go = f) © Z^/3e_Rg0/3 and Qr = Z^/3e_R^0/3- 
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Then 

k 

r=l r=l—k 

k 

Oaf] q[u,u'^] =Yu'^Qr[u~'^]+ ^ Qr[u~'^] + UQ-k[u'^], 
r=l r=l—k 

k-1 -1 
r=0 r=—k 

Let : Oq n q[u, u^'^] — > (gfe + go + Q-k) © g be defined by 

k 

r=l r=l—k 

k 

(Pfc(0)+Po(0)+P-fc(0),^p,(l)+ Y Pr{l)+P-k{l))- 

r=l r=l—k 

One can check that (f) is an epimorphism whose kernel is Oang[n, n"^])"*". By 
means of this morphism, we have a 1-1 correspondence between Lagrangian 
subalgebras W of g((n)), contained in Oang[n, n~^], and Lagrangian subal- 
gebras ly of (gfc + go + g-fc)©g. We observe that gfc + go + g-fc = ia- On the 
other hand, Oq, n g[u] = Ylr=i-k dr + '"(g-fc + u~^9~k)- Its image in Lq, © g 
via (/> consists of elements of the form {ao + a-k,ao + Ylr=-k^r + b-k), where 
ar G Qr, a-k,b-k e g-fc- Since = go + g-fc and P' = go + gi + -" + g-fc, 

this set coincides with Aa^a^^^- The proof is now complete. □ 

Remark 2.9. The classification of all Lagrangian subalgebras of g © g 
transversal to Aq^qj^^^ was accomplished in [3j, Theorem 2.13. This result 
states that, up to a conjugation which preserves Aq^qj^^^, a subalgebra W 
can be obtained from a pair formed by a triple (ri,r2,^) of type I or II 
and a subspace ia satisfying a certain condition. Let us recall how types I 
and II are defined. Let i denote the embedding of go into Lq,. Here one 
considers triples of the form (Fi, A), where Li C T^^* \ {a}, T2 and 
A is an isometry between Fi and F2. A triple (Fi,F2,^) is called of type I 
if a ^ F2 and {Ti,i{T2),iA) is an admissible triple in the sense of Belavin- 
Drinfeld. The triple (Fi,F2,^) is called of type 7/ if a G F2 and j4(/3) = a, 
for some /3 G Fi and (Fi \ {/3},i(F2 \ {a}),iA') is an admissible triple in 
the sense of Belavin-Drinfeld. The space Iq is a Lagrangian subspace of 
a := {(/ii,/i2) et)xt): ^{hi) = 0,7(/i2) = 0,V/3 G Fi,V7 G F2}. 

Finally, the remaining case a{u) = 1 follows by reformulating Prop. 3.2.1. 
from [6]. The result is the following: 

Let a be a simple root with coefficient k. There exists a 1-1 correspon- 
dence between Lagrangian subalgebras W of g((u)), with respect to Qa{u)-, 
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which are transversal to g[[u\] and satisfy W C n q[u,u and La- 
grangian subalgebras W in {La + e^La) © (®r£^Kt,r) transversal to [P^ + 
£^{Pa)^) ffi (©re^'-Pf^r) (see notation in [6], p. 537). 

This concludes the analysis of the Lie bialgebra structures in case I. 

3. Lie bialgebra structures on g[n] in case II 
Consider 0((n)) © 3 endowed with 

Qa{u){fi{u) + xi,f2{u) + X2) = ReSu=o{u~'^a{u)K{fi{u), f2{u))) 

-K{xi,X2), 

for all /i(n),/2(u) € qHu)) and xi,X2 G 0. According to |3j, the following 
statement holds: 

Proposition 3.1. There exists a one-to-one correspondence between Lie 
bialgebra structures 6 on q[u] satisfying D^{q[[u]]) = q{{u)) ©g and bounded 
Lagrangian subalgebras W of q{{u)) © g, with respect to the nondegenerate 
bilinear form Qa{u); o,nd transversal to q[[u]]. 

For any a € Autc[u](g[u]), denote by a{u) = a{u) © ct(0), regarded as an 
automorphism of g((n)) ©g. According to [5], the following result holds: 

Proposition 3.2. Suppose that W is a bounded Lagrangian subalgebra of 
g((ti)) ©g, with respect to Qa(u) <^''^d transversal to g[[n]]. Then there exists 
a € Autc[u](0M) such that a{u){W) C (Oong[n, n~^])©g, where a is either 
a simple root or — Omax- 

Theorem 3.3. Let a be a simple root and k its coefficient in the decompo- 
sition o/ttmax- Let a{u) = j^. 

(i) If k = 1, there exists a one-to-one correspondence between Lagrangian 
subalgebras W o/g((u)) © g, with respect to Qa(u)) which are transversal to 
q[[u]] and satisfy W C (Oq, fl g[u, © g, and Lagrangian subalgebras in 
g © g, with respect to Q, transversal to Aq,. 

(ii) If k > 1, there are no Lagrangian subalgebras W of q{{u)) © g, with 
respect to Qa(u)y which are transversal to g[[n]] and satisfy W C (Oq, n 
g[u,u"^]) © g. 

Proof. If A; = 1, then Oq ng[ii,ii~^] = u^^gi[u^^] +go[M^^] +ng_i[u^^] and 
(0«ng[u,u-i] ©g)^ = (n-i - 1){u-'^qi[u-^] + qq[u-'^] + uQ-i[u~^]). Then 
there exists an epimorphism 

(/) : 0„ n g[M, M"^] © g — ^ g © g 

given by 

(t){{u~^pi{u~'^) +po{u~^) + np_i(u^^),a) = pi{l) + Po{l) +p-i(l),a), 

for al\pi{u'^) G gi[u"^], po(ii~^) G Qq[u~\ p-i{u~^) G g_i[M"^] and a_G g. 
Obviously the kernel of (j) is (Oq H g[ii, u""^] © g)-*-. Let us denote by (p the 
isomorphism induced by (f) between the quotient and g © g. One can easily 
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check that 0((Oq, © g) fl g[u]) = Aq and thus we have a correspondence 
between W and Lagrangian subalgebras of g © g transversal to Aq,. 
Statement (ii) was proved in [3]. This ends the proof. □ 

Remark 3.4. We see that there is an analogy between the above result and 
Theorem 12. 3[ Therefore Lagrangian subalgebras W in g((u)) ©g with the 
required properties can be expressed using the data given in Remark 12. 41 and 
[231 

The remaining case to be discussed is a{u) = 1. 

Theorem 3.5. Suppose a{u) = 1 and let a he a simple root and k its 
coefficient in the decomposition of Omax- Then there exists a one-to-one 
correspondence between Lagrangian subalgebras W o/g((«))©g, with respect 
to Qa{u)> which are transversal to q[[u]] and satisfy W C (Oq, ng[u, ©g 
and Lagrangian subalgebras in L^ © g, with respect to Q, transversal to 

Proof. We will use the same notation as in the proof of Theorem 12.81 We 
recall the following: 



-ii 



--l~k 



fc-1 



-k r=0 

Then we have an isomorphism 

- Oa ng[u,u"i] ©g 



ng[n,u-i] ©g)-L 



(gfc + go + g- 



such that for the equivalence class of a pair (/, x) G Oq R g[n, n ^] © g, 
4>{f,x) = (ao + 6o + co,x), if / = n"^(ao + aiu"^ + ...) + (6o + ^1^^"^ + •••) + 
u{cq + ciu"^ + ...) + ai £ Qk, hi G go, Q G g_fc, x G g. The image of 
(Oa © g) n g[n] is eaxctly A^.a^,,. 

□ 

Remark 3.6. With a different formulation, this result also appeared in [l], 
where the so-called quasi-trigonometric solutions of the CYBE were classi- 
fied. 



Remark 3.7. We also note the analogy between this theorem and Theorem 
12. 8[ The corresponding Lagrangian subalgebras can be described using the 
data given in Remark 12.91 
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4. Lie bialgebra structures on q[u] in case III 

Finally, let us treat case III, where the associated double is g[e], 

with the nondegenerate bilinear form given by the formula 

Qa(u){fi{u) + X2 + ex3, f2{u)+y2+eyz) = Resu=o{u~'^a{u)K{fi{u), f2{u))- 

-K{xs,y2) - K{x2,y-i), 
for any fi{u),f2{u) G q{{u)) and X2,X3,y2,y3 G 0- According to [3j, the 
following result holds: 

Proposition 4.1. There exists a one-to-one correspondence between Lie 
bialgebra structures 5 onQ[u] satisfying Dg{Q[[u]]) = 0((n))©0[e] and bounded 
Lagrangian subalgebras W of q{{u))(Bq[£], with respect to the nondegenerate 
bilinear form Qa(u)j ^''^d transversal to q[[u]]. 

Recall that any a{u) G Ad(0[n]) induces an automorphism a{0) S Ad(0), 
which in turn gives an well-defined automorphism (7{0) of g[e] via a{0)(x + 
ey) = (t(0)(x) + ea{0){y). Then a{u) = a{u) © a-(O) is an automorphism of 
0((u)) ©g[e]. 

Proposition 4.2. [5j Suppose that W is a bounded Lagrangian subalgebra 
of q{{u)) ® with respect to Qa(u) o,f^d transversal to 5[[n]]. Then there 
exists a G Adc[u](0M) such that a{u){W) C (Oa ng[u,u~-^]) ©g[e], where 
a is either a simple root or — Omax- 

The case — ctmax has already been analysed in [5]. For an arbitrary simple 
root we have: 

Theorem 4.3. Suppose a{u) = 1 and let a be a simple root and k its 
coefficient in the decomposition o/amax- 

(i) If k = 1, there exists a one-to-one correspondence between Lagrangian 
subalgebras W of q{{u)) ©0[e], with respect to Qa(u)i which are transversal 
to q[[u\] and satisfy W C (Oq r\Q[u,u~^]) ©0[e] and Lagrangian subalgebras 
in 0[e], with respect to Q^, transversal to P~ -\-e{P~)-^. 

(a) If k > 1 there are no Lagrangian subalgebras W of q{{u)) © Q[e], 
with respect to Qa{u)! which are transversal to 0[[n]] and satisfy W C (Oq n 
0[u,u"^]) © 0[e]. 

Proof, (ii) was proved in (i) If A; = 1, H q[u,u^^] = u^^Qi[u^^] + 
Qo[u~'^] + uQ-i[u'^] and (0„ n 0[n,n~^] © g[e])^ = n 0[n,n-^]. Then 
^® obviously isomorphic to g[e]. The image of (©„ ©0[e]) n 

g[n] via this isomorphism is P~ + e{P~)'^. The conclusion follows immedi- 
ately. □ 

Remark 4.4. This result was also obtained in where quasi-rational r- 
matrices were studied. 

Remark 4.5. We observe that the above theorem is analogous to Theorem 
and Remark 12.71 also holds. 
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